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Structural Damage Identi� cation: A Probabilistic Approach
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A method is presented to improvethe robustness of current damagedetection methodologies.Measured statistical
changes in natural frequencies and mode shapes along with a correlated analytical stochastic � nite element model
are used to assess the integrity of a structure. The approach accounts for variations in the modal properties of
a structure (due to experimental errors in the test procedure). A perturbation of the healthy eigenvalue problem
is performed to yield the relationship between the changes in eigenvalues and in the global stiffness matrix. This
stiffness change is represented as a sum over every structural member by a product of a stiffness reduction
factor and a stiffness submatrix. The determination of damaged stiffness statistics permits the comparison of
probability density functions between the healthy and estimated damaged stiffnesses. A set of graphical and
statistical probability damage quotients are then found that indicate a con� dence level on the existence of damage.
The effectiveness of the proposed technique is illustrated using simulateddata ona three-degree-of-freedom spring–

mass system and on an Euler–Bernoulli cantilever aluminum beam.

Introduction

T HE detection,location,and estimation(DLE) problemof struc-
tural damage has been the subject of much current research

since theAlohaBoeing737accidentthatoccurredonApril 28,1988,
which triggeredan awareness of the aging of many commercial and
military aircraft. In addition, many ground and space structures are
often subjected to external hazards.This can come from the hazards
of on-orbit existence and or launch loads, for example. Because the
expense of maintenance, replacement, and time out of service is
costly, it is advantageousto developmethods that can detect, locate,
and estimate the extent of damage. The purposeof the current study
is to develop a methodology for detecting damage probabilistically
using statisticallymeasuredexperimentalmodal data from a healthy
and damaged structure. A correlated, i.e., model update/re� nement
hasalreadybeenperformed,analyticalstochastic� niteelement(FE)
model, i.e., random mass and stiffness matrices, is also required in
the analysis.

Kashangaki1 providesa concise overviewof the on-orbit damage
detectionandhealthmonitoringprocess.In addition,Doeblinget al.2

have compiled an extensive review on the subject of damage identi-
� cation and health monitoring. One approach of the DLE problem
adjusts an FE model of the healthy structure to obtain the dam-
aged mass and stiffnessmatrices based on experimental natural fre-
quencies and mode shapes.Changes in natural frequenciesonly,3– 5

changes in mode shapes only,6 ;7 or both frequency and mode
shape changes8 have been used to indicate the presence of damage.
Other researchers use kinetic and strain energies for each mode,
such as Chen and Garba9 and Kashangaki et al.,10 respectively,
to try and estimate the damage. Yet another alternative is a prob-
abilistic approach, which examines the eigenvalue problem from
a statistical standpoint by considering eigenvalue and eigenvector
uncertainty.11– 15 Although Refs. 11–15 addressed the issue of ran-
domness in structures, their purposewas not to solve the DLE prob-
lem. It was not until Ricles and Kosmatka,16 who utilized mass
and stiffness uncertainty to locate potential damaged regions and
evaluate the estimate of the damage using the sensitivity analysis
of Collins et al.,15 that the DLE problem was directly addressed.
Tavares et al.17 validated the work of Ricles and Kosmatka16 using
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experimentallyobtainedmodal data from a three-dimensionalfour-
bay truss.

A perturbation analysis (similar to that of Cawley and Adams4

and Hassiotis and Jeong5 ) on the healthy eigenvalueproblemis per-
formed to yield the relationshipbetween the changes in eigenvalues
and in the global stiffness matrix. The change in global stiffness is
expressed as a linear sum of the healthy element stiffness subma-
trix and a correspondingscaling factor or stiffness reduction factor
(SRF).18 Lim19 improved the work of White and Maytum18 and ap-
plied the results to the damage detection� eld.20 Damage, therefore,
will be characterizedas a change in stiffness,where these factors in-
dicate the amount of stiffness reduction/increase for each structural
element.

A set of simultaneous linear equations that relate the change in
eigenvalues to those of the elemental stiffnesses via the SRFs are
then obtained.The mean and covariancematrix of the randomSRFs
that satisfy the described system of algebraic equations need to be
calculated.Taking the varianceof the describedsystem of algebraic
equations results in another set of algebraic equations that relate
the covariancematrices of the SRFs and those of the damaged stiff-
nesses. A Monte Carlo simulation is employed to identify the SRF
covariance matrix, which in turn is used to calculate the estimated
damaged stiffness covariancematrix.All random distributions,e.g.,
mass and stiffness matrices, in this work are assumed to be normal.
Comparisons of probability density functions between the healthy
and damaged stiffnessesyield a set of probabilitydamage quotients
(PDQs) that indicate a con� dence level on the existence of dam-
age. Therefore, damage will be de� ned as any value of stiffness
not located within the healthy distribution.The effectivenessof the
proposed technique is illustrated using simulated data on a three-
degree-of-freedomspring–mass system and on an Euler–Bernoulli
cantilever beam. The approach is unique in that it accounts for the
variability of the structure due to experimental errors in the test
procedure.

Theoretical Development
The freevibrationeigenvalueproblemfor anNth-orderundamped

dynamical system is given by

.[K ] ¡ ¸i [M ]/fÁgi D f0g; i D 1; 2; 3; : : : ; N .1/

where [M] is the (N £ N ) symmetric mass matrix, [K ] is the
(N £ N ) symmetric stiffnessmatrix,¸i is the i th mode scalar eigen-
value, and fÁgi is the i th mode eigenvector or mode shape of size
(N £ 1). It is tacitly assumed that the eigenvectorsare mass normal-
ized, i.e., fÁgT

a [M]fÁgb D ±ab , where ±ab represents the Kronecker
delta and is equal to one when a D b, otherwise it is equal to zero.
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Let us assume that Eq. (1) represents the eigenvalue problem
of the healthy, predamaged system. The eigenvalue problem of the
damaged system can similarly be written as

.[ QK ] ¡ Q̧
i [ QM]/f QÁgi D f0g; i D 1; 2; 3; : : : ; N .2/

where the tilde indicatesa damaged quantity.It will be assumed that
structuraldamageaffectsthe stiffnessmatrix onlyby an amount1K
and that the mass remains constant. Hence, structural damage can
be due to cracks or holes affecting the � exural rigidity EI. This will
produce a change in eigenvalues 1¸i and a change in eigenvectors
f1Ági , given by

[ QK ] D [K ] C [1K ] (3)

[ QM] D [M ] (4)

Q̧
i D ¸i C 1¸i (5)

f QÁgi D fÁgi C f1Ági (6)

Substitution of Eqs. (3–6) into Eq. (2) results in, after neglecting
multiple products of 1 quantities (in other words, higher-order
terms),

1¸i D
fÁgT

i [1K ]fÁgi

fÁgT
i [M]fÁgi

.7/

for i D 1; 2; 3; : : : ; N . Equation (7) states that the change in eigen-
values is related to the change in global stiffness through the healthy
eigenvectorsonlyand thatonly thechangein eigenvaluesis required.
This is the expression that Cawley and Adams4 and Hassiotis and
Jeong5 used in their analyses. If the higher-order terms are kept, the
resulting analogous relationship can be written as

1¸i D
fÁgT

i [1K ]f QÁgi

fÁgT
i [M]f QÁgi

.8/

for i D 1; 2; 3; : : : ; N . Notice that Eq. (8) has the virtue of using
bothhealthyand damagedeigenvectors.The only majordiscrepancy
between Eqs. (7) and (8) is in the rightmost eigenvector of both
numeratorand denominator;otherwise, they are identicalequations.

The change in global stiffness [1K ] is now assumed to be given
by the following relationship, as stated by White and Maytum18:

[1K ] D
L

j D 1

® j K e
j .9/

where L is the total number of structural elements, e.g., the total
number of aluminum struts in a � exible frame, comprising the sys-
tem, ® j is the j th element SRF, and [K e

j ] is the sparse j th element
stiffness submatrix (of the same dimension as [1K ]). The SRFs
indicate the amount of stiffness increases/decreases for each j th el-
ement. A value of ¡1 indicates that there has been a 100% stiffness
reduction, and a value of C1 indicates a 100% stiffness increase.
Substitution of Eq. (9) into Eq. (8) results in

1¸i fÁgT
i [M]f QÁgi D

L

j D 1

® j fÁgT
i K e

j f QÁgi .10/

for i D 1; 2; 3; : : : ; N from which a set of N simultaneous linear
equations with L unknowns can be written in the form

[A].N £ L/fqg.L £ 1/ D fbg.N £ 1/ .11/

whose elements are given as

Ai j D fÁgT
i K e

j f QÁgi ; q j D ® j

(12)
bi D 1¸i fÁgT

i [M]f QÁgi D .Q̧ i ¡ ¸i /fÁgT
i [M]f QÁgi

for i D 1; 2; : : : ; N , and j D 1; 2; : : : ; L . The vector fqg in Eq. (11)
representsthe SRFs for each structuralelement. In general, the num-
ber of experimentallymeasured modes N will be less than the total
numberof individualstructuralelements L of the system.Therefore,
the matrix [A] will be rectangular and noninvertible, i.e., Eq. (11)

represents a set of underdetermined system of equations. Hassiotis
and Jeong5 handle this case by introducing an optimality criterion
into their optimization scheme. For the special case when N D L ,
there will be a unique solution because [A] will be square and in-
vertible. The scenario when N > L (an overdetermined system of
equations) will most likely never occur. This paper will focus on the
case when N D L, thereby permitting a unique solution.

The issue of randomness will now be addressed and the concept
of a continuousrandomvariablewill be introduced.The probabilis-
tic characteristics of a normal random variable is described by two
parameters: the central value and a measure of dispersion or vari-
ability, which correspond to a mean ¹x or expected value E[x] and
a variance, from which a normal probabilitydensity function (PDF)
may be de� ned as

Á.x/ D 1

¾x

p
2¼

exp ¡1
2

³
x ¡ ¹x

¾x

´2

.13/

for ¡1 < x < 1. The integral of Eq. (13) is known as a normal
cumulative distribution function and is denoted by 8.x/. Dimen-
sionally, a more convenient measure of dispersion is the square
root of the variance, known as the standard deviation ¾x . Two
random variables x and y may also be correlated, which is de-
scribed by a correlationcoef� cient or normalized covariance,given
by ½x y D [cov.x; y/=¾x ¾y] with a rangeof [¡1; C1]. It is a measure
of the degree of (linear) relationship between the variates x and y,
and a value of zero indicates that the two variables are not corre-
lated. For the present work, all random variables will be assumed to
be correlated.

Equation (11), therefore,representsa set of randomsimultaneous
equations, whose properties of fqg are to be determined. The SRF
distribution will, in general, not be normal, but are assumed to be
normal, regardless. The SRF statistical properties are obtained as
describedby Kleiberand Hien,21 who state that to a � rst-orderTaylor
series approximation the mean value of fqg is

E .[A]/.N £ L/ E.fqg/.L £ 1/ D E.fbg/.N £ 1/ .14/

and the SRF covariance matrix [Sq ] is approximately obtained by

[Sq ].L£ L/ ¼ @q

@r r D Nr .L £P/

[Sr ].P £ P/

@q

@r r D Nr

T

.P £ L/

.15/

where

[Sr ] D $

var.r1/ cov.r1; r2/ ¢ ¢ ¢ cov.r1; rP /

cov.r2; r1/ var.r2/ ¢ ¢ ¢ cov.r2; rP /

:::
:::

: : :
:::

cov.rP ; r1/ cov.rP ; r2/ ¢ ¢ ¢ var.rP /

’

77777% (16)

[Sq ] D $

var.®1/ cov.®1; ®2/ ¢ ¢ ¢ cov.®1; ®L /

cov.®2; ®1/ var.®2/ ¢ ¢ ¢ cov.®2; ®L /

:::
:::

: : :
:::

cov.®L ; ®1/ cov.®L ; ®2/ ¢ ¢ ¢ var.®L/

’

77777% (17)

and [Sr ] is the covariance matrix of the P , i.e., total number
of random variables, random structural design parameters (SDPs)
and Nr are the corresponding mean values of the random vector
r. The SDPs consist of healthy and damaged mass and stiffness
terms. For example, the SDPs for a two-degree-of-freedomspring-
mass system consist of frg D fk1; k2; m1; m2; Qk1; Qk2; Qm1; Qm2g (or
fr g D fk1; k2; m1; m2; Qk1; Qk2; m1; m2g becausenomassdamageis as-
sumed), where P D 8 (four healthy SDPs and four damaged SDPs).
The SDP covariancematrix [Sr ] is a block diagonal matrix consist-
ing of (for a two-degree-of-freedomspring–mass system)

[Sr ].8 £ 8/ D
$

[F].4 £ 4/

::: [0].4 £ 4/

: : : : : : : : :

[0].4 £ 4/

::: [ QF ].4 £ 4/

’

77% .18/
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[F].4 £ 4/

D $

var.k1/ cov.k1; k2/ 0 0

cov.k1; k2/ var.k2/ 0 0

0 0 var.m1/ cov.m1; m2/

0 0 cov.m1; m2/ var.m2/

’

777%

(19)
[ QF].4 £ 4/

D $

var.Qk1/ cov.Qk1; Qk2/ 0 0

cov.Qk1; Qk2/ var.Qk2/ 0 0

0 0 var.m1/ cov.m1; m2/

0 0 cov.m1; m2/ var.m2/

’

777%

(20)
and the SRF covariance matrix [Sq ] is de� ned as

[Sq ].2 £ 2/ D
var.®1/ cov.®1; ®2/

cov.®1; ®2/ var.®2/
.21/

Similarly, for structures other than spring–mass systems, the mass
and stiffness terms given in Eqs. (19) and (20) may correspond to
mass m and � exural rigidity EI , respectively.

The partialderivativesof fqg with respect to the randomvariables
r; f@q=@r g in Eq. (15) are given by

@q

@r .L £ P/

D @q

@r1 .L £ 1/

@q

@r2 .L £ 1/

¢ ¢ ¢ @q

@rP .L £ 1/

(22)
The f@q=@rug terms, for u D 1; 2; : : : ; P , in Eq. (22) are obtained
by differentiatingEq. (11) with respect to ru . Using the product rule
of differentiationand rearranging terms slightly results in

[A].N £ L/

@q

@ru .L £ 1/

D @b

@ru .N £ 1/

¡ @ A

@ru .N £ L/

fqg.L £ 1/

(23)
In the general case, N 6D L because the number of unknowns L
will greatly exceed the number of measured modes N . Therefore,
Eq. (14) represents an underdetermined system of equations from
which a least-squares technique needs to be employed to solve for
E.fqg/. For the ideal case when N D L, there will be one unique
solution for E .fqg/ because [A] will be square and invertible. The
solution of f@q=@rug in Eq. (23) will also need to be solved using
a least-squares technique, except for the case when N D L , where
a unique solution exists by inverting [A]. The derivatives of fbg
and [A] with respect to the random variables ru (uth element of
vector r, which correspondsto a single SDP variable), f@b=@rug and
[@ A=@ru ], are given in scalar form as, respectively,

@bi

@ru
D
³

@ Q̧
i

@ru
¡ @¸i

@ru

´
fÁgT

i [M]f QÁgi C 1¸i
@Ái

@ru

T

[M]f QÁgi

C 1¸i fÁgT
i

@M

@ru
f QÁgi C 1¸i fÁgT

i [M]
@ QÁi

@ru

(24)

@ Ai j

@ru
D @Ái

@ru

T

K e
j f QÁgi C fÁgT

i

@ K e
j

@ru
f QÁgi C fÁgT

i K e
j

@ QÁi

@ru

When ru represents a healthy SDP, that is, fk1; k2; : : : ; kP=4; m1,
m2; : : : ; m P=4g, then @ Q̧

i=@ru D 0 and f@ QÁi=@rug D f0g. Similarly,
when ru represents a damaged SDP, that is, fQk1; Qk2; : : : ; Qk P=4g,
@¸i=@ru D 0, f@Ái =@rug D f0g, and [@ M=@ru ] D [0].

The partial derivatives of the healthy and damaged eigenvalues
and eigenvectorswith respect to the SDPs may be calculated using
the work by Fox and Kapoor.22 For the healthy system, eigenvalues
and eigenvectors are stated as

@¸i

@ru
D fÁgT

i

@[K ]

@ru
¡ ¸i

@[M ]

@ru
fÁgi .25/

@fÁgi

@ru
D ¡ [Fi ][Fi ] C 2[M]fÁgi fÁgT

i [M]
¡1

£
³

[Fi ]
@Fi

@ru
C [M]fÁgi fÁgT

i

@[M]

@ru

´
fÁgi (26)

where

[Fi ] D .[K ] ¡ ¸i [M ]/
(27)

@ Fi

@ru
D
³

@[K ]

@ru
¡ ¸i

@[M]

@ru
¡ @¸i

@ru
[M]

´

To obtain the damaged eigenderivatives,Eqs. (25–27) may also be
used by replacing the healthy parameters with their corresponding
damaged counterparts or tilde quantities. The only requirement in
Eqs. (25–27) is that the eigenvectorsfÁgi be mass normalized.Has-
selman and Hart12 state that the mean values for the eigenvalues
and eigenvectors are obtained from an eigenvalue analysis where
the mass and stiffness matrices are formed using the mean SDPs,
i.e., Nr .

Equation (14) stipulates that the mean SRFs are solved by using
the mean values for [A] and fbg. It turns out, however, that the SRF
covariance matrix [Sq ] will not be calculated using Eq. (15), but
instead will be calculated using a Monte Carlo analysis performed
onEq. (11). The reasonfor this is thatEq. (15)hasunknownson both
sides of the equal sign. The SRF covariance matrix is certainly an
unknown,andalthoughthehealthySDP terms in Eq. (19) areknown,
the damaged ones, i.e., upper left quadrant of [ QF ], in Eq. (20) are
not. Values of [A] and fbg are generated at random according to
Eq. (12), and Eq. (11) is used to solve for the SRFs. After many
consecutive Monte Carlo runs, the stored SRF values are used to
compute the SRF covariance matrix.

Once the statistics of the SRFs are computed from the Monte
Carlo simulation, the statistics of the estimated damaged stiffnesses
can be computed. Substitution of Eq. (9) into Eq. (3) results in

[ QK ] D
L

j D 1

QK e
j D

L

j D 1

.1 C ® j / K e
j .28/

where an elemental matrix expressionfor the j th damaged stiffness
is written as

QK e
j D .1 C ® j / K e

j .29/

In general, there is a common factor in all of the matrix elements of
Eq. (29), such as the � exural rigidityEI for an Euler–Bernoullibeam
(excluding axial deformation). This common factor can effectively
be pulled out of each matrix (the remaining terms in the matrix are
just connectivity information of the structure, which are no longer
required) and a scalar version of Eq. (29) is written as

Qk j D .1 C ® j /k j D k j C ® j k j .30/

The exact mean properties of Qk j are computed by taking the ex-
pected value of Eq. (30), given by

E.Qk j / D E.k j C ® j k j / D E.k j / C E.® j k j / .31/

The rightmost term on the right-hand side of Eq. (31) represents the
joint second moment of ® j and k j and is de� ned as

E.® j k j / D cov.® j ; k j / C E.® j /E.k j / .32/

Substitutionof Eq. (32) into Eq. (31) and combinationof terms yield

E.Qk j / D [1 C E .® j /]E .k j / C cov.® j ; k j / .33/

Because ® j and k j are uncorrelated random variables, i.e., cov(® j ,
k j / D 0 because the value of the SRF should not depend in any way
on the value of the healthy stiffness, Eq. (33) simpli� es to

E.Qk j / D [1 C E.® j /]E.k j / .34/

The covariancematrix for the estimateddamagedstiffnessesis com-
puted (shown here for a one-dimensional two-degree-of-freedom
spring–mass system) by substitutingEqs. (18–22) into Eq. (15) and
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carrying out the matrix multiplications. The resulting expressions
are written in matrix form as

[A¤].3 £ 3/fq¤g.3 £ 1/ D fb¤g.3 £ 1/ .35/

where

[A¤] D

$

³
@q1

@ Qk1

´2

2

³
@q1

@ Qk1

´³
@q1

@ Qk2

´ ³
@q1

@ Qk2

´2

³
@q1

@ Qk1

´³
@q2

@ Qk1

´ ³
@q1

@ Qk1

´³
@q2

@ Qk2

´
C
³

@q1

@ Qk2

´³
@q2

@ Qk1

´ ³
@q1

@ Qk2

´³
@q2

@ Qk2

´

³
@q2

@ Qk1

´2

2

³
@q2

@ Qk1

´³
@q2

@ Qk2

´ ³
@q2

@ Qk2

´2

’

77777777777%

(36)

fq¤g D
var. Qk1/

cov. Qk1; Qk2/

var.Qk2/

(37)

fb¤g D
var.®1/ ¡ d1 ¡ d2

cov.®1; ®2/ ¡ d3 ¡ d4

var.®2/ ¡ d5 ¡ d6

(38)

d1

d2

d3

d4

d5

d6

D

f

³
@q1

@k1

´2

C 2g

³
@q1

@k1

´³
@q1

@k2

´
C h

³
@q1

@k2

´2

2i

³
@q1

@m1

´2

C 4 j

³
@q1

@m1

´³
@q1

@m2

´
C 2k

³
@q1

@m2

´2

f

³
@q1

@k1

´³
@q2

@k1

´
C g

³
@q1

@k1

´³
@q2

@k2

´
C
³

@q1

@k2

´³
@q2

@k1

´
C h

³
@q1

@k2

´³
@q2

@k2

´

2i

³
@q1

@m1

´³
@q2

@m1

´
C 2 j

³
@q1

@m1

´³
@q2

@m2

´
C
³

@q1

@m2

´³
@q2

@m1

´
C 2k

³
@q1

@m2

´³
@q2

@m2

´

f

³
@q2

@k1

´2

C 2g

³
@q2

@k1

´³
@q2

@k2

´
C h

³
@q2

@k2

´2

2i

³
@q2

@m1

´2

C 4 j

³
@q2

@m1

´³
@q2

@m2

´
C 2k

³
@q2

@m2

´2

.6 £ 1/

(39)

and f D var.k1/, g D cov.k1; k2/, h D var.k2/, i D var.m1/, j D
cov.m1; m2/, and k D var.m2/.

Once the statistical properties of the estimated damaged stiff-
nesses are determined by Eqs. (34) and (35), they are probabilis-
tically compared to the healthy stiffnesses to yield an estimate of
the probability of damage. The two techniques employed to de-
termine the probability of damage are the graphical and statistical
approaches.The graphicalapproach is accomplishedby comparing
the two PDFs, as described by Eq. (13), for both healthy and dam-
aged systems. Consider two normal PDF distributions, Á1.x/ and
Á2.x/, with parameters .¹1; ¾1/ and .¹2; ¾2/, respectively. Equat-
ing Á1.x/ and Á2.x/ and combining terms result in the following
quadratic equation:

Oax2 C Obx C Oc D 0 .40/

where Oa D .¾ 2
2 ¡ ¾ 2

1 /, Ob D 2.¹2¾ 2
1 ¡ ¹1¾

2
2 /, and Oc D ¹2

1¾ 2
2 ¡

¹2
2¾

2
1 ¡ 2¾ 2

1 ¾ 2
2 .¾2=¾1/, whose roots x and y are given by

Oq D ¡ 1
2

(
Ob C sgn .Ob/

 
Ob2 ¡ 4 Oa Oc

$

(41)
x D Oq= Oa; y D Oc= Oq

and x1 D minimum.x; y/ and x2 D maximum.x; y/.

The two PDF curves will then have exactly two intersection
points, which are used to calculate the area of intersection.The area
of intersectionis composedof threesectionsand is givenbyEq. (42).
The � rst area is evaluated from an x range of [¡1; x1], the second
from [x1; x2], and the third from [x2; C1] using either the healthy
or damaged PDF statistics for .¹a ; ¾a/, .¹b; ¾b/, and .¹c; ¾c/:

area1 D 8

³
x1 ¡ ¹a

¾a

´
¡ 8

³
¡1 ¡ ¹a

¾a

´
D 8

³
x1 ¡ ¹a

¾a

´

area2 D 8

³
x2 ¡ ¹b

¾b

´
¡ 8

³
x1 ¡ ¹b

¾b

´
(42)

area3 D 8

³
C1 ¡ ¹c

¾c

´
¡ 8

³
x2 ¡ ¹c

¾c

´
D 1 ¡ 8

³
x2 ¡ ¹c

¾c

´

The parameters .¹a ; ¾a/, .¹b; ¾b/, and .¹c; ¾c/ come from the
distributions of either Á1.x/ or Á2.x/ depending on satisfac-
tion of the following criteria: minimum[Á1.0:99x1/; Á2.0:99x1/],
minimum[Á1.x2 ¡ 0:011x/, Á2.x2 ¡ 0:011x/], 1x D x2 ¡ x1 , and
minimum[Á1.1:01x2/; Á2.1:01x2/], respectively.This can best be il-
lustrated by considering the following two distributions:.¹1; ¾1/ D
(7.5,1.0) and .¹2; ¾2/ D .8:0; 0:5/. Applying Eqs. (40) and (41)
results in Oa D ¡0:75, Ob D 12:25, and Oc D ¡49:59 with roots x1 D
7:41and x2 D 8:92.The threePDF areasof intersectionarea1 (lightly
shaded region), area2 (vertically hatched, medium shaded region),
and area3 (darkly shaded region), whose ranges are [¡1; 7:41],
[7.41, 8.92], and [8.92, C1], respectively, are shown in Fig. 1.
The parameters of .¹a ; ¾a/ come from the second distribution
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Fig. 1 PDF comparison of two distributions showing all three areas of
intersection using the graphical approach.

.¹2; ¾2/ becauseminimum[Á1.7:34/; Á2.7:34/] D minimum[0:394,
0:334] D 0:334. Similarly, the parametersof (¹b; ¾b ) come from the
� rst distribution .¹1; ¾1/ because minimum[Á1.8:90/; Á2.8:90/] D
minimum[0:15; 0:158] D 0:15. Finally, the parameters of .¹c; ¾c/
come from the second distribution .¹2; ¾2/ because mini-
mum[Á1.9:01/; Á2.9:01/] D minimum[0:128; 0:104] D 0:104. Us-
ing Eq. (42), area1 represents11.88%of the totalarea, area2 45.88%,
and area3 3.23%, for a total of area of 60.99%.

This area of intersection or graphical probability health quotient
gives a probabilityestimateof how closely the two curvesare related
from a graphical viewpoint. The greater the shared area, the more
relatedthecurvesbecome.Becausethegraphicalarea of intersection
gives an indication of how related the two PDF curves are, then the
graphical probability damage quotient (PDQ-G), de� ned as

PDQ-G D 1 ¡ .area1 C area2 C area3/ .43/

gives an indication of how unrelated they are. The PDQ-Gs have a
range of [0; C1], where a value of zero indicates that the two PDF
curves are exactly the same, hence no damage, and a value of one
indicates that the stiffness values from the healthy and damaged
curves are not related in any way, indicating that damage has oc-
curred. Every element of the structure would be analyzed in this
manner and given a PDQ-G in accordancewith Eq. (43). Applying
Eq. (43) to the example yields a value of PDQ-G D 0:3901. This
indicatesthat there is a 39.01%probabilitythat the two distributions
are different.

The statistical approach is based on computing the amount of
damaged stiffness PDF area contained within a de� ned healthy in-
terval. A range of healthy stiffnessesde� nes the interval limits from
which the damaged stiffness PDF curve is evaluated. Mathemati-
cally, the statistical probability health quotient (PHQ-S) is de� ned
as

PHQ-S D P.ai < QK i · bi / D
’ bi

ai

Á QK i
.Qk i / dQk i .44/

where ai D ¹ki ¡ n¾ki and bi D ¹ki C n¾ki de� ne the lower and up-
per limits, respectively,of the healthystiffnessinterval for structural
element i . N .¹ki ; ¾ki / de� nes the healthy stiffness distribution for
element i , and N .¹Qki

; ¾Qki
/ de� nes the i th damaged stiffness dis-

tribution. The value of n denotes the number of healthy stiffness
standard deviations away from the mean value (used to de� ne the
healthy interval). Note that a § 1¾ interval .n D 1/ encompasses
68.3% of the total area. Similarly, a § 2¾ interval .n D 2/ encom-
passes 95.4% and a § 3¾ interval .n D 3/ encompasses99.7%. The
choice for n is subjective and depends on the believability of the
healthy PDF stiffnesses.

The PHQ-S yields the probability that the stiffnesses from
the damaged distribution are shared by the healthy distribution.

Table 1 Comparison of PDQ-S for a § 1¾,
§ 2¾, and § 3¾ healthy interval, as well as

the PDQ-G value

§n¾
Interval PDQ-S, % PDQ-G, %

1 65.87 N/A
2 37.53 39.01
3 18.14 N/A

Fig. 2 PDF comparison of two distributions using the statistical ap-
proach for a § 1¾ healthy interval.

Consequently, the statistical probability damage quotient (PDQ-S)
is written as

PDQ-S D 1¡PHQ-S D 1¡ 8 QK i

³
bi ¡ ¹Qk i

¾Qki

´
¡8 QK i

³
ai ¡ ¹Qki

¾Qki

´

(45)

Damage will, therefore, be de� ned as any value of stiffness not
located within the healthy interval, and the PDQ-S gives the prob-
ability of the occurrence of this event for each structural member
of the system. Consider the example with the two normal distribu-
tions: .¹1; ¾1/ D .7:5; 1:0/ and .¹2; ¾2/ D .8:0; 0:5/. Table 1 lists
the PDQ-S using §1¾ , §2¾ , and §3¾ healthy intervals. Figure 2
shows graphically the healthy area underneath the damaged PDF
curve for a §1¾ interval.Table 1 indicates that as the healthy inter-
val increases, the PDQ-S decreases (which is expected). Notice also
that the PDQ-S at the §2¾ interval (37.53%) is approximately the
same as the PDQ-G (39.01%). It should be pointed out, however,
that neither PDQ-G (or PDQ-S) nor the SRF statistics alone should
solely be employed to make a statement about the damage; rather,
they should be used in tandem.

The overall process of probabilisticallysolving the DLE problem
is stated in the following 10 steps:

1) Determine the statistical properties of the healthy mass and
stiffness parameters of the system. It is tacitly assumed that the
healthy FE model correctly describes the statistics of the healthy
experimental modal data, i.e., model update/re� nement has been
performed.

2) Determine the mean healthy natural frequencies and mode
shapes of the system (whether from the healthy experiment or from
the updated FE model).

3) Determine the mean damaged natural frequencies and mode
shapes of the system from the experiment.

4) From Eq. (14) solve for the mean SRFs.
5) Using step 4, the mean estimated damaged stiffness matrix is

calculated using Eq. (28), as well as the mean estimated damaged
elemental stiffness values using Eq. (34).

6)Using theeigenvalueand eigenvectorderivatives,Eqs. (25–27),
f@q=@r g from Eq. (22) is obtained in conjunction with Eqs. (23)
and (24).
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7) A Monte Carlo simulation performed on Eq. (11) determines
the SRF covariance matrix [Sq ]. As a check, the mean SRFs from
the Monte Carlo simulation are compared to those of step 4.

8) Using Eqs. (35–39), the covariance matrix of the estimated
damaged stiffnesses is calculated. The estimated damaged stiffness
standard deviations are then determined.

9)The PDF intersectionpropertiesare then computedbyEqs. (40)
and (41) using the statistics of the estimated damaged stiffnesses
(steps 5 and 8) and the statistics of the healthy stiffnesses (step 1).

10) PDQs are assigned to each structural member in accordance
with the graphical form, Eq. (43), or the statistical form, Eq. (45).

A � nal note should be made concerning step 1. Although this
paper addresses the damage DLE problem, the same procedure can
also be used to probabilisticallysolve the model update/re� nement
problem. For this scenario, the SRFs do not indicate potential dam-
age locations; rather, they indicate locations required to be modi� ed
to adjust the initial stochasticFE model to correctlymatch the statis-
tics of the healthy experimental modal data. Likewise, the healthy
natural frequencies ¸i and mode shapes fÁi g would correspond to
an eigenanalysis of the initial FE model. The damaged natural fre-
quencies Q̧

i and mode shapes f QÁi g would correspond to the healthy
experimental modal data.

Results
To illustrate the proposed method, the theory will be applied to

the identi� cation of damage in a one-dimensional three-degree-of-
freedom spring–mass system and in an Euler–Bernoulli cantilever
beam. Both examples deal with simulated data and assume that the
healthy FE models of both systems accurately describe the system
beforedamage;hence,no model updatingwill be required.The SDP
parameters are assumed to be correlated normal random variables
with arbitrarily selected values for both the healthy and damaged
distributions. It is also assumed that the eigenanalyses from these
arbitrarily chosen distributions agree with the modal parameters
obtainedfromexperiment(if an experimentwas conducted). A short
notation that will be used to describe the parameters of a normal
distribution is N .¹; ¾ /. Assume that all SDP values are of SI units,
e.g., mass in kilograms and stiffness in Newton per meter. Damage
will take the form of a change in stiffnessonly, and mass is assumed
unchanged. The method was applied to an ideal condition where
N D L; therefore, [A] in Eq. (11) is square and invertible.

Consider a one-dimensional three-degree-of-freedom spring–

mass system, shown in Fig. 3, whose global mass [M] and global
stiffness [K ] matrices are, respectively,

[M ] D
$m1 0 0

0 m2 0

0 0 m3

’

7%
; [K ] D

$.k1 C k2/ ¡k2 0

¡k2 .k2 C k3/ ¡k3

0 ¡k3 k3

’

7%

(46)
and whose element stiffness submatrices .L D 3/ are

K e
1 D

$k1 0 0

0 0 0

0 0 0

’

7%
; K e

2 D
$ k2 ¡k2 0

¡k2 k2 0

0 0 0

’

7%

(47)

K e
3 D

$0 0 0

0 k3 ¡k3

0 ¡k3 k3

’

7%

The arbitrarily chosen healthy SDPs are shown in Table 2. A sim-
ulated multiple damage scenario is examined with exact damage
distributions shown in Table 2 with stiffness reductions of 1% for
spring 1, 15% for spring 2, and 6.25% for spring 3. The SDP values

Fig. 3 One-dimensional three-degree-of-freedom spring–mass system.

Table 2 Healthy and exact damaged distributions
for the spring–mass system

Structural Correlation coef� cient
Type parameter Distribution matrix

Healthy k1 N .10; 0:1/
system k2 N .3; 0:03/ [½k ] D

$ 1 0:25 0:75
0:25 1 0:5
0:75 0:5 1

’%

k3 N .8; 0:08/

m1 N .6; 0:06/

m2 N .4; 0:04/ [½m ] D
$ 1 0:9 0:5

0:9 1 0:75
0:5 0:75 1

’%

m3 N .4; 0:04/

Exact Qk1 N .9:9; 0:1485/
damage Qk2 N .2:55; 0:0510/ [ Q½k ] D

$ 1 0:45 0:65
0:45 1 0:45
0:65 0:4 1

’%

Qk3 N .7:5; 0:075/

Fig. 4 Healthy and estimated damage stiffness PDF comparison using
the graphical approach, for spring 1.

consistof fk1; k2; k3 , m1; m2; m3 , Qk1; Qk2; Qk3 , m1; m2; m3g; therefore,
P D 12 (six healthy SDPs and six damaged SDPs) and N D 3 be-
cause all three modes were used.

The SRF correlation coef� cient matrix was calculated using
100,000 Monte Carlo simulations and is given in Table 3 together
with the mean SRFs obtained by the applicationof Eq. (14). During
the simulation, damaged modal parameters were randomly gener-
ated by conducting eigenanalyseson randomly generated mass and
damaged stiffness matrices. Not surprisingly, using the exact mean
values of the eigenvaluesand eigenvectors in Eq. (14) clearly found
the exact mean SRFs for each spring. The Monte Carlo simulations
also agreed well with Eq. (14) results.

The statistical properties of the estimated damaged stiffnesses
are listed in Table 4. Comparisons of Tables 2 and 4 indicate that
the proposed method accurately estimated the exact damage dis-
tributions with a maximum standard deviation error of less than
1.6%. The correlationcoef� cientmatrix for the damaged stiffnesses
was also accurately estimated with a maximum error of less than
3.9%. If 50,000 Monte Carlo simulations were performed rather
than 100,000, the maximum damaged stiffness standard deviation
and correlationcoef� cient errors would increase to 2.77 and 6.27%,
respectively.Graphicallycomparingthe healthyand estimateddam-
aged stiffness PDF curves yields the PDQs, which are listed in
Table 4 and graphically shown in Fig. 4 for spring 1 and in Fig. 5a
for spring 2 and Fig. 5b for spring 3. Results indicate that springs 2
and 3 were de� nitely damaged with 100 and 99.88% PDQ-Gs, re-
spectively.The PDQ-Gs for springs2 and 3 indicate that the healthy
and damaged distributions essentially do not share any common
stiffness values; hence, damage is de� nitely present. Spring 1, on
the other hand, had a 34.57% PDQ-G, which indicates that some
form of damage occurred, but not at the level of springs 2 and 3.

In contrast, Table 5 lists the PDQ-S for §1¾ , §2¾ , and §3¾
healthy intervals, and the shaded area in Fig. 6 shows the PHQ-S for
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Table 3 SRF distributions from the Monte Carlo simulation for the spring–mass system

Mean value Monte Carlo
SRF equation (14) simulation Correlation coef� cient matrix

®1 ¡0:01 N .¡0:0098, 0.0237)
®2 ¡0:15 N .¡0:1499, 0.0232) [½SRF] D

$ 1 0:351 0:699
0:351 1 0:580
0:699 0:580 1

’%

®3 ¡0:0625 N .¡0:0623, 0.0181)

Table 4 Estimated damaged distributions for the spring–mass system

Correlation coef� cient
SDP Distribution matrix PDQ-G, %

Qk1 N .9:9; 0:1476/ 34.57
Qk2 N .2:55; 0:0517/ [ Q½k ] D

$ 1 0:433 0:641
0:433 1 0:396
0:641 0:396 1

’%
100

Qk3 N .7:5; 0:0739/ 99.88

Table 5 PDQ-S comparisons of § 1¾, § 2¾, and § 3¾
healthy intervals for the spring–mass system

PDQ-S%

§n¾ Interval Qk1 Qk2 Qk3

1 58.77 100.00 100.00
2 27.01 100.00 100.00
3 9.11 100.00 99.98

a) Spring 2

b) Spring 3

Fig. 5 Healthy and estimated damagestiffness PDF comparisonsusing
the graphical approach.

Fig. 6 Healthy and estimated damage stiffness PDF comparison for
spring 1 using a § 1¾ healthy interval in the statistical approach.

Fig. 7 Euler–Bernoulli cantilever beam discretized by a uniform mesh
of � ve beam elements.

spring1 usinga §1¾ interval.Springs2 and 3 have essentially100%
PDQ-S irrespective of the size of the healthy interval; therefore,
damage is clearly indicated. Spring 1, on the other hand, has a
substantialrange:58.77%(§1¾ ), 27.01%(§2¾ ), and9.11%(§3¾ ).
Depending on the interval size chosen, i.e., values for n, spring 1
may or may not be considereddamaged. One can determine, based
on the SRF statistics, PDQ-G/PDQ-S, and experience, whether or
not to consider spring 1 as a damaged spring. Overall, the method
properly detected, located, and estimated the simulated damage.

Next, the complexity of the analyzedsystem is increased by con-
sideringanEuler–Bernoullicantileveraluminumbeamthathasbeen
discretized using a uniform mesh of � ve beam elements, shown in
Fig. 7 with two degreesof freedom per node, i.e., a transverse trans-
lation and a rotation. The normal random quantities are the mass
m and � exural rigidity EI per beam element. The consistent mass
matrix approach was used in the FE model. A simulated multiple
damage scenario is examined with elements two and � ve having
� exural rigidity reductions of 2.5 and 5.0%, respectively (damage
shown in Fig. 7 by the cross-hatchedregions). The healthy and exact
damage beam element distributionsare shown in Table 6. All beam
elements are of rectangular cross section with widths of 0.0381 m
(1.5 in.) and thicknessesof 0.00635m (0.25 in.), and each of the � ve
elements are of length 0.1524 m (6 in.). The mean modulus of elas-
ticity, mean density, cross-sectionalarea, and inertia were assumed
to be 70 GPa, 2757.09kg/m3, 2:4191E -04 m2, and 8:1279E-10 m4,
respectively. For this example, N D 5 (because the � rst � ve modes
were used), L D 5 (because there are � ve elements), and P D 20 (10
healthy and 10 damaged SDPs).

The results from a 60,000 Monte Carlo simulation are listed in
Table 7, and Table 8 provides the statistical properties of the esti-
mated damaged � exural rigidities. Comparison of Tables 6 and 8
indicate that the proposed method accurately estimated the exact
damage stiffness distributions with a maximum standard deviation
error of less than 1.7%. The correlation coef� cient matrix for the
damaged � exural rigidities was also accurately estimated with a
maximum error of less than 2.9%. If 30,000 Monte Carlo simula-
tions were performed rather than 60,000, the maximum damaged
stiffness standard deviation error would increase to 3.23% and the
maximum correlation coef� cient error would decrease slightly to
2.51%. Graphically comparing the healthy and estimated damaged
stiffness PDF curves yields the probability damage quotients listed
in Table 8. Beam elements 1, 3, and 4 had PDQ-Gs of less than 1%,
indicating essentially no probability of damage. Beam elements 2
and 5, on the other hand, had PDQ-Gs of 91.31 and 96.05%, respec-
tively, indicating a high degree of potential probable damage.

Table 9 lists the PDQs for each beam element using the statis-
tical approach. The graphical and statistical PDF comparisons for
elements 1–5 are similar to Figs. 4–6 and, therefore,are not shown.
Elements 1, 3, and 4 have essentially identical PDQ-S values at the
same intervalsize. The PDQ-S values for element2 � uctuatesigni� -
cantly dependingon the interval size from 99.89%at a §1¾ interval
to 15.39% at a §3¾ interval. Element 5 is relatively insensitive to
the interval size with a PDQ-S approximatelygreater than 92%. At
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Table 6 Healthy and exact damaged distributions for the cantilever beam elements

Type SDP Distribution Correlation coef� cient matrix

Healthy EI1 N .56:8955; 0:5690/
system EI2 N .56:8955; 0:5690/

EI3 N .56:8955; 0:5690/ [½EI ] D $

1 0:89 0:90 0:85 0:90
0:89 1 0:95 0:90 0:84
0:90 0:95 1 0:80 0:80
0:85 0:90 0:80 1 0:96
0:90 0:84 0:80 0:96 1

’

77777%EI4 N .56:8955; 0:5690/
EI5 N .56:8955; 0:5690/

m1 N .0:1016; 0:001016/
m2 N .0:1016; 0:001016/
m3 N .0:1016; 0:001016/ [½m ] D $

1 0:90 0:90 0:80 0:90
0:90 1 0:80 0:85 0:93
0:90 0:80 1 0:90 0:75
0:80 0:85 0:90 1 0:80
0:90 0:93 0:75 0:80 1

’

77777%m4 N .0:1016; 0:001016/
m5 N .0:1016; 0:001016/

Exact QE QI1 N .56:8955; 0:5690/
damage QE QI2 N .55:4731; 0:2774/

QE QI3 N .56:8955; 0:5690/ [ Q½EI ] D $

1 0:90 0:95 0:85 0:90
0:90 1 0:85 0:75 0:70
0:95 0:85 1 0:85 0:85
0:85 0:75 0:85 1 0:79
0:90 0:70 0:85 0:79 1

’

77777%QE QI4 N .56:8955; 0:5690/
QE QI5 N .54:0508; 0:8108/

Table 7 SRF distributions from the Monte Carlo simulation for all beam elements

Mean value Monte Carlo
SRF equation (14) simulation Correlation coef� cient matrix

®1 0.00 N .0:0001; 0:0199/
®2 ¡0:025 N .¡0:0248, 0.0174)
®3 0.00 N .0:0002; 0:0200/ [½] D $

1 0:858 0:865 0:889 0:891
0:858 1 0:878 0:854 0:743
0:865 0:878 1 0:835 0:857
0:889 0:854 0:835 1 0:867
0:891 0:743 0:857 0:867 1

’

77777%
®4 0.00 N .0:0002; 0:0200/
®5 ¡0:05 N .¡0:0499, 0.0218)

Table 8 Estimated damaged distributions for all beam elements

SDP Distribution Correlation coef� cient matrix PDQ-G, %

QE QI1 N .56:8955; 0:5770/ 0.68
QE QI2 N .55:4731; 0:2791/ 91.31
QE QI3 N .56:8955; 0:5781/ [½ QEQI ] D $

1 0:908 0:951 0:853 0:902
0:908 1 0:867 0:764 0:720
0:951 0:867 1 0:857 0:852
0:853 0:764 0:857 1 0:799
0:902 0:720 0:852 0:799 1

’

77777% 0.77
QE QI4 N .56:8955; 0:5756/ 0.56
QE QI5 N .54:0508; 0:8183/ 96.05

Table 9 PDQ-S comparisons of § 1¾, § 2¾, and § 3¾ healthy
intervals for the cantilever beam

PDQ-S%

§n¾ Interval QE QI1 QE QI2 QE QI3 QE QI4 QE QI5

1 32.41 99.89 32.50 32.29 99.73
2 4.86 84.59 4.90 4.80 98.15
3 0.31 15.39 0.31 0.30 91.78

the §2¾ interval, the PDQ-S clearly indicates that elements 2 and
5 are damaged. On the other hand, at the §3¾ interval, element 5 is
clearly damaged, but element 2 may or may not be considereddam-
aged, depending on whether one considers 15.39% a high damage
indicator. Overall, as in the earlier example, the method correctly
detected, located, and estimated the simulated damage.

Conclusions
A method has been presented to improve the robustness char-

acteristics of current damage detection methodologies. Measured
statistical changes in natural frequencies and mode shapes along
with a correlated analytical stochastic FE model are used to as-
sess the integrity of a structure. Structural damage was character-
ized by a change in stiffness only, and the mass was assumed un-
changed. The approach accounts for structural variability, e.g., in
natural frequencies and mode shapes, due to experimental errors
in the test procedure.The structural parameters of the system were

modeled as correlatednormal random variables. This permitted the
determination of probability damage quotients per structural ele-
ment. These quotients indicate a con� dence level on the existence
of damage and provide a means of adding robustness to the damage
identi� cation problem. Simulated data were used in the analysis to
determine multiple damage of the order of 1–6% (light damage)
and 15% (severe damage). Coincidentally, because the beam ex-
ample had very light damage levels, this may be considered as an
application of the theory to the model update/re� nement problem.
Overall, the method was successful in identifying the probabilistic
existence, location, and extent of simulated structural damage in a
one-dimensionalthree-degree-of-freedom spring–mass system and
an Euler–Bernoulli cantilever aluminum beam.
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